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Abstract. The purpose of this paper is to give new formulations for the unconstrained 0-1 nonlinear
problem. The unconstrained 0-1 nonlinear problem is reduced to nonlinear continuous problems
where the objective functions are piecewise linear. In the first formulation, the objective function is a
difference of two convex functions while the other formulations lead to concave problems. It is shown
that the concave problems we obtain have fewer integer local minima than has the classical concave
formulation of the 0—1 unconstrained 0—1 nonlinear problem.
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1. Introduction

A 0-1 unconstrained nonlinear problem (P) is generally formulated as

(P) Min{E c,.( ij> /x € {0, 1}"} ,
i=1  VjEN,
where N,C{1,...,n},c,ER, meN.
In a very interesting paper, Rosenberg [8] showed that the problem (P) can be
reduced to the continuous nonlinear problem

(P) Min{Z c,.(H x,.) /Ix €], 1]"} :
i=1 JEN;
since the optimal value of (P) is attained in at least one vertex of the hypercube
[0, 1]". Unfortunately, the objective function of (P) is neither convex nor concave
so that (P) is as difficult as (P). Nevertheless, as discussed by Hansen—Jaumard—
Mathon [4], the objective function of (P) can be approximated by a difference of
convex functions and therefore d-c programming (minimization of a difference of
convex functions, see [9]) can be used. However, d-c programming can only solve
small programs.

According to Hansen—Jaumard—Mathon, concave programming (minimization
of a concave function over a convex set, see [6]) seems to be more promising. The
transformation of (P) into a concave problem is quite classical (at least in the
quadratic case, see [6]) and will be discussed in the next section.

The purpose of this paper is to give new formulations of (P) where the
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objective functions are piecewise linear. In the first formulation, the objective
function is exactly a difference of two (piecewise linear) convex functions while
the two last formulations lead to concave problems. As we shall prove and it
should be useful, the concave problems we obtain have fewer integer local
minima than the concave problem deduced from (P) in a classical way.

In order to have a self-contained paper, we first recall and discuss the classical
transformation of (P) info a concave problem.

2. The Classical Transformation of (P) into a Concave Problem
The classical transformation of (P) into a concave problem uses the fact that
xje{(), 1}<:>x]. =x§.

Thus we can subtract a quadratic term and add a linear term to the objective
function f of (P) without modifying the values on the vertices of [0, 1]". The new
objective function is then:

L0 =) =5 x4 5 Xy

The value of p must be chosen so that f, is concave, that is, so that for any x in
[0,1]", the greatest eigenvalue A (x) of szp (x) is negative.

Since V2fp (x) =V*f(x) — pl Vx €[0, 1}", we have A (x) = A(x) — p, where A(x) is
the greatest eigenvalue of V*f(x).

In order that f be concave, we must take

p=A(x) Vx€[0,1]"©p=A=max{A(x)/x €[0,1]"} .

The optimization problem as formulated above is harder than the initial
problem (P), except if A(x) is constant as in the case where (P) is a 0-1 quadratic
problem (but, even in this case, this value might be expensive to compute). It
then seems better to use another technique: a matrix with a dominated diagonal is
negative semi-definite (see [1]). Therefore we can consider the following objective
function:

1 n m 1 n m
g(x):f(x)_zjgl (El 6ijlci[)x?+—2-j=21<i:21 aijlcil)xja
1 ifjEN,and|N,|=2,

where 5, = {0 otherwise .

The function g is then concave since, obviously, for any x in (0, 117, V?g(x) has a
dominated diagonal.

Thus minimizing f; or g over [0,1]" is equivalent to solving (P). Some
algorithms for concave programming can be found in [6]. The difficulty of a
concave problem increases with the number of local minima. As mentioned
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before, we shall present other concave formulations of problem (P) but with a
smaller number of integer minima than in the classical formulation.

Let us first express (P) as a d-c problem (a problem where the objective
function is a difference of two convex functions).

3. Unconstrained 0-1 Nonlinear Programming as d-¢ Programming

In this paper, we shall often use the following lemma, which is easy to verify and
which will allow us to express the objective function of (P) as a piecewise linear
function.

LEMMA 3.1.
x€{0,1)">VMC{l,...,n) [l x = min{x;) (3.1)
]

jeM

=max{0, > xj—|M|+1}. (3.2)

jeM

Changing IL,c,, x; by either (3.1) or (3.2), we obtain equivalent formulations for
(P) with piecewise linear objective functions.

LEMMA 3.2,
VMC{l,...,n} x'_)neliz‘r}{xf} is a concave function ,
J
YMC{l,..., n}xr—>max{0, > x— | M|+ 1} is a convex function .
jEM
Proof. trivial. O

Let us now consider the following problem:
P Min{z ¢, min{x;}/x € {0, 1}"} .
i=1 JEN;

By Lemma 3.1, this problem is equivalent to (P). Relaxing the integrality
constraints in (P'), we obtain the continuous problem

(DCP) Min{Z ¢, min{x;} /x € [0, 1]"} .
i=1 J&N;

By Lemma 3.2 and since coefficients c; are unrestricted in sign, the objective
function of (DCP) is a difference of two convex piecewise linear functions.
Theorem 3.3 below gives an equivalence between (P) and (DCP).

THEOREM 3.3. The optimal value of (DCP) is attained in at least one vertex of
the hypercube [0, 1]".
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Proof. Let x* be an optimal solution of (DCP). Without loss of generality, we
can suppose that x7 <x3=<---=<x¥. Thus, x* is also an optimal solution of:

m
Min{E c;min{x.}/0<x, sx,<---sx Sl}.
-1 JeN

Let us denote by j; the smallest j in N,. Then, for any x feasible, min,ey {x;} = x;
and x* is also optimal solution of

m
Min{z cx, I0=x,=x,=---=x,<17.
-1 "

This last problem is linear and reaches its optimal value at an extreme point x of
its feasible set S:
S={xeR"Hx<e)},

where H and e are the following matrix and vector

1 o 0O - - - - - 0] F0 ]
1 -1 0 S -
0 1 -1 0

0 1 -1 0
. . .
1 -1 0 -
. e 0 1 -1 0
0 - - - - -0 0 14 [ 1 ]

H is totally unimodular since it represents the incidence matrix of the directed
graph (see [3]):

Yo Milo PN e

Since e is an integer vector and H totally unimodular, all the extreme points of S
are integer.
Thus, there exists x € {0, 1}"” such that 0=<x,<x,<---<x, and:

m

m
> Xy = 21 X,

i=1 i

that is x is an integer optimal solution of (DCP). a

Therefore the 0-1 unconstrained nonlinear problem appears to be a particular
case of d-c programming (see [9] for algorithms).

Note that if c, is non-positive for all N, such that | N,|=2, then (DCP) (and
therefore (P)), can be reduced to a convex minimization problem. This confirms
that such problems (P), which have non-positive coefficients for the nonlinear
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terms, are easier to solve since their underlying convex structure is helpful for
minimizing. For example, the quadratic 0-1 problem with negative double
product coefficients is solvable in a polynomial time algorithm (see [7]).

On the other hand, if ¢, is non-negative for all N, such that | N,|=2, then
(DCP) (and therefore (P)), is a concave minimization problem. In the next
section, we shall give concave formulations for (P) even if there exists some i so
that | N,|=2 and ¢, <0.

Note also that if we replace I, x; by (3.2) we obtain a d-c objective function
and an equivalent formulation (P”) for (P), but we are not able to relax the
integrality constraints in (P") without modifying the optimal value. . .

4. 0-1 Unconstrained Nonlinear Programming as Concave Programming

In order to obtain concave formulations for (P), we have to eliminate the convex
part of (DCP), that is, we have to reformulate min;.y {x;} for i such that ¢, <0
and |N,|=2. For the sake of simplicity suppose that the set of such i is
{1,..., p}.

The first possibility is to linearize the convex part. This can be done by
introducing new variables z, and several constraints in (DCP). We then obtain a
semi-linearized concave problem.

(SLCP) Min E c;z; + E c; mm{x}

i=1 i=p+1

st. z;=x; VieEN, Vie{l,...,p}.
x€[0,1]"
z=0

Obviously, the objective function of (SLCP) is concave. The following theorem
establishes the equivalence, via Theorem 3.3, between (SLCP) and (P).

THEOREM 4.1. (SLCP) and (DCP) are two versions of the same problem.

Proof. Tt is sufficient to prove that (X, z) optimal solution of (SLCP)=> z; =
min; e, {X,;}. Suppose this is not true. Then, there exists i€{l,..., p} so that
z_,.—<rninj€N;{fj}. Consider now (x*, z*) defined as:

x*=x

¥ =z, Vi#i.
* . -

z; =min {X

F = min (%)

Since ¢; <0 and z; < z;", we have:

Ec,zl+ E mln{x*}<202+ 2 mln{x}

i=p+1 jEN i= p+17€N

and this is a contradiction since (x, z) is optimal. O
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Therefore, the 0-1 unconstrained nonlinear problem (P) can be reduced to a
concave minimization problem where the objective function is piecewise linear.

It is important to note that if all the coefficients of the nonlinear terms are
non-positive then (SCLP) is a linear problem and, therefore, (P) appears to be
polynomially (in # and m) solvable.

(SCLP) has the drawback of introducing additional variables and constraints.
We can avoid this inconvenience: changing I1,. ,, x; by max{0, L, x —|M|+1}
for i in {1,..., p}, we obtain a concave ob]ectlve function and the following
concave minimization problem (CMP).

(CMP) Mll’l{z c; max{O > x;—|N; |+ 1}

JEN;
+ 2 c; mln {x 1/ x€]0, 1]”}
i=p+1

Obviously, (CMP) is equlvalent to (P) since a concave minimization problem
reaches its optimal value at a vertex of its feasible set.

The main advantage of (DCP), (SLCP) and (CMP) over the classical trans-
formation of (P) into a concave minimization problem is that they have fewer
integer local minima. First, recall that the only practical classical way of trans-
forming (P) into a concave problem is to consider the objective function (see
Section 2):

=05 2 (Satelpe+s 2 (2 5,1cl)s

1 if jEN, and |N,|=2

h o, = X
where 9, {O otherwise

and the optimization problem (Q)

(Q) Min{g(x)/x€[0,1]"}.
In our proof, we shall need the following lemma.

LEMMA 4.2, For any MC{1,..., p} and for any x in [0, 1]"
(i) max{O > x;— | M{+ 1} <mm{x]} ,

JEM
(ii) max{O,ij—[MH-l} 2x——2x+nx,
JjEM ]GM ]GM jEM

1
(i) m1n{x}<— 2 X =5 > x+[1x.
JEM JEM
Proof. (i) If max{0, &;c,, x; — | M |+ 1} = 0 then the result is obvious. Other-
wise, max{0,X;cy X; |M[+1}—x +Tem-n X~ I M| +1, where x;=
min.,,{x,} but I\ 5 X |M|+ 1<0=>max{0,Z;cpx;,— | M| +1} <x;=
min, ¢, {%;}.
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(ii) Consider the optimization problem

{ Ex ——2x+nx—max{0 2x—|M|+1}/

JEM JEM JEM JEM

x€|o, 1]"} .

Its optimal value is equal to max{v,, v,}

v1=matx{l Zx - = Zx + Hx ijs|M|—1;x€[O,1]"},

2]'EM ]EM JEM JEM
1 3
v2=max{—- > X =3 > x; + ij+|M|—1/z x;=| M|
2 jem 2 jem jeM jEM
-1;x€[01]*

Both objective functions are convex (since, for any x in [1, 0]", the Hessian has
a dominating diagonal). Thus, the optimal values are attained at extreme points
of the feasible sets.

Since a matrix composed of 0-1 entries and having only one row is totally
unimodular, all the extreme points of the feasible sets are integer.

Note that if x € {0,1}" is fea51ble for the first problem then II,,, x; =0. Thus

v; =0 since x; €{0,1} & x; —x

x=(1,...,1)is feasible for the second problem and the corresponding value is
0. For all other integer points, we have Il,c,, x; =0 and Z,c, x, — | M|+ 1=0.
Consequently, v, = 0.

Therefore:

vxe[0,1]" = 2x——2x+nx<max{0 2x-—|M|+1}

]EM JEM JEM JEM

(iii) Consider now the optimlzatlon problem:

max{% > % X;— 5 z x; + Hx —mln{x}/xE[O 1]}

jEM ]GM JEM

and let x* be an optimal solution of this problem. Without loss of generality we
can suppose that x} <x}=<---<x}and 1€ M.
Thus x* is also an optlmal solution of

max{l > xz.—l > ox+ 11 x-—xl/Osxlgxzs---ansl}.
2iem’ 2jem’ jem’

Since the objective function is convex, the optimal value is reached at an
extreme point of its feasible set. It was shown, in the proof of Theorem 3.3, that
such points are integer. Therefore, there exists x € {0, 1}" so that x is an optimal
solution of the above problem.

Thus: O0sx,sx,<---=<x,<1.

If x, =0 then I,y x; =0 and the corresponding objective value is 0. If x; =1
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then Il x; = 1 and the corresponding objective value is also 0. So that:

m1n{x}< Ex——Z+Hx Vx€[0,1]". O

jEM ]EM JEM

We can now establish some relations between the local minima of (DCP),
(SLCP), (CMP) and (Q).

THEOREM 4.3. (i) x local minimum for (DCP)= (x, z) local minimum for

(SLCP) with z;=min,cy {x;} Vi€{l,..., p}.

(ii) (x, 2) local minimum for (SLCP)=> x local minimum for (DCP).

(iii) x local minimum for (DCP) and x integer = x local minimum for (CMP).

(iv) x local minimum for (CMP) and x integer = x local minimum for (Q).
Proof. (i) and (ii) are trivial.

(iii) For the sake of simplicity, let us define

D(x) = > c; IIEIII{II {x;} as the objective function of (DCP).
& Yijen,

M(x)—E ¢ max{O E x; —|N|+1}+ E c; mln{x} as the objec-
i=p+1
tlve functlon of (CMP).
gx)= Z c; H x;+ 5 E (2 8; I, )(x —X; ) as the objective function
i=1 JEN; ] 1

of (0.

Since x is a local minimum for (DCP), there exists an open set V so that x €V
and so that:

Vyevn[o,1]" D(x)<sD(y).
By Lemma 4.2 we have:
Vyevnlo, 1] D(y)<M(y),

but x integer > D(x) = M(x). Thus, there exists an open set V so that x €V and
so that:

Vyevn[o,1]" M(x)=Dx)<D(y)<sM(y),

which means that x is a local minimum for (CMP).
(iv) x is local minimum for (CMP) implies that there exists an open set V such
that x €V and

Vyevn[o, 1] M(x)<M(y).
By Lemma 4.2 we have:

vyevn[o,1]" M(y)<g(y)
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but x integer = M(x) = g(x). Thus, there exists an open set V so that x € V and so
that:
Vyevn[0,1]" M(x)=gx)<M(y)<g(y),

which means that x is a local minimum for (Q). |

Therefore, the classical transformation of (P) into a concave problem might have
more integer local minima than (DCP), (SLCP) and (CMP). Note that the
implications (iii) and (iv) do not apply to local minima which are not integer.
However, we are not really interested in non-integer local minima since, in
solving (P), we are looking for local minima which are extreme points of the
feasible set. Furthermore, if there exists a non-integer local minimum, then there
also exists an integer local minimum having the same objective value.

Defining I(DCP) (respectively I(SLCP), I(CMP), I(Q)) as the set of integer
local minima of (DCP) (respectively (SLCP), . .., ((Q)), from Theorem 4.3, we
can deduce:

I(SLCP) = I(DCP)C I(CMP)C I(Q) .

One might wonder if the inverse inclusions are valid. The example below gives
the answer to such a question: the inverse inclusions are definitely not valid.

EXAMPLE 4.4. Consider the 0—1 unconstrained nonlinear problem

(P) Min{—4x,x,0, + x,X, + X,%, + x,x,/x €{0,1}°} ,
then (Q), (DCP) and (P) are

(Q) Min{g(x)/x€[0,1]’}

g(x) = —dx x,x5 + x.x, + x5 + x,%5 + 3(x; + x, + x3)

—3(x) + x5 +x3),

(DCP) Min{D(x)/x €]0,1]’}

D(x) = —4min{x,, x,, x,} + min{x, x,} + min{x, x;} + min{x,, x,} ,

(CMP) Min{M(x)/x €[0,1}}

M(x) =min{x,, x,} + min{x,, x;} + min{x,, x;} — 4 max{0, Tl x —2).

Let us examine the integer points in order to determine whether they are local

minima for one of the continuous problems above.

e x=(0,0,0) is a local minimum for (CMP), therefore also for (Q), but it is not
a local minimum for (DCP) since:
- D((0,0,0)+¢#(1,1,1)) = —t=>(1,1,1) is a feasible descent direction at
(0,0,0) for (DCP).
- M((0,0,0) + #(d,, d,, dy)) = t(min{d,, d,} + min{d,, d;} + min{d,, d,}) for
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¢t sufficiently small, but d feasible direction at (0,0,0)=>d, =0, d,=0,
d, =0. Thus any feasible direction for (CMP) is an ascent direction.
® x=(1,0,0) is a local minimum for (CMP), therefore for (Q), but is not a local
minimum for (DCP).

- d=(0,1,1) is a feasible descent direction at (1,0, 0) for (DCP).

- M((1,0,0)+ «(d,, d,, d;)) = t(d, + d, + min{d,, d,}) for ¢ sufficiently small.
As any feasible direction is such that d, =0, d, =0, any feasible direction is
an ascent direction for (CMP).

e By symmetry (0, 1,0) and (0,0, 1) are local minima for (CMP) and (Q), but
not for (DCP).
e x=(1,1,0) is not a local minimum for (CMP), therefore not for (DCP), but it

is a local minimum for (Q).

- M((1,1,1)+40,1,1)) = -2t=>(0,1,1) is a feasible descent direction for
(CMP).

- (vg(1,1,0),d) = —2d, —2d, +3d, but d feasible for (1,1,0)=>d, <0,
d,=<0, d,=0. Thus d #0 and feasible =>(Vg(1,1,0), d) >0 and then any
feasible direction is an ascent direction for (Q).

e By symmetry (1,0, 1) and (0,1, 1) are not local minima for (CMP), nor for

(DCP), but are local minima for (Q).

® x=(1,1,1) is a local minimum for all the problems since it is the optimal
solution.

Then we have:

Q) ={0,1y
I(CMP) = {(0, 0, 0); (1,0,0); (0,1,0); (0,0,1); (1,1,1)}
I(DCP) = I(SLCP) = {(1,1,1)}.

For this particular problem (P), all the integer points are local minima for (Q)
but only a subset of them are local minima for (CMP) or (DCP). Furthermore,
we must emphasize that (1, 0,0), (0, 1, 0), (0,0, 1) are not strict local minima for
(CMP) (that is we can find a feasible direction d so that M is constant on the
corresponding line) while they are strict local minima for (Q).

5. Conclusion

If, as we believe, the number of local minima is a criterion for classifying concave
formulations of (P), then it appears that (SLCP) and (CMP) are really better
than (Q). As shown by Example 4.4, the number of integer local minima could
be strongly reduced by using (SLCP) instead of the classical transformation of
(P) into a concave minimization problem. On the other hand, it seems that
concave minimization problems with piecewise linear objective functions are
tractable (see [6]).
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We emphasize that a 0-1 unconstrained nonlinear problem with only negative
coefficients for the nonlinear terms does not need to be formulated as a concave
problem. This particular kind of problem can be reduced to a linear problem and
is then polynomially (in n and m) solvable.

In closing, we note the formulations suggested for the 0-1 unconstrained
nonlinear problem can be extended to 0-1 nonlinear problems with linear
constraints since Kalantari-Rosen [5] and Borchardt [2] showed how a 0-1
nonlinear minimization problem with linear constraints and a concave objective
function can be modified in order to obtain an integer solution when the
integrality constraints are dropped.

References

1. Auslender, A. (1985), Notes de Cours d’ Analyse Numérique, Université Blaise Pascal, Clermont-
Ferrand, France, 1985.

2. Borchardt, M. (1988), An Exact Penalty Approach for Solving a Class of Minimization Problems
with Boolean Variables, Optimization 19 (6), 829-838.

3. Gondran, M. and M. Minoux (1979), Graphes et Algorithmes, Eyrolle, Paris.

4. Hansen, P., B. Jaumard and V. Mathon (1989), Constrained Nonlinear 0-1 Programming, Rutcor
Research Report, # 47-89. 1989.

5. Kalantari, B. and J. B. Rosen (1987), Penalty Formulation for 0-1 Nonlinear Programming,
Discrete Applied Mathematics 16, 179-182.

6. Pardalos, P. M. and J. B. Rosen (1987), Constrained Global Optimization: Algorithms and
Applications, Lecture Notes in Computer Sciences, 268, Springer-Verlag, Berlin.

7. Picard J. C. and H. D. Ratliff (1975), Minimum Cuts and Related Problems, Network 5, 357-370.

8. Rosenberg I. (1972), 0-1 Optimization and Nonlinear Programming, Revue Francaise
d’ Automatique, Informatique et Recherche Opérationnelle 6, 95-97.

9. Tuy, H. (1986), A General Deterministic Approach to Global Optimization via D-C Programming,
in J. B. Hiriart-Urruty (ed.), Fremat Days 1985: Mathematics for Optimization, North Holland,
Amsterdam.



